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Abstract-Generalized Benders Decomposition is a procedure to solve certain types of NLP and MINLP 
problems. The use of this procedure has been recently suggested as a tool for solving process design 
problems. This paper analyzes the solution of nonconvex problems through different implementations of 
the Generalized Benders Decomposition. It is demonstrated that in certain cases only local minima may 
be found, whereas in other cases not even convergence to local optima can be achieved. A criterion to 
identify whether the converged value is a candidate for being a local minimum is provided. It is also shown 
that in the presence of a dual gap, a particular implementation of the Generaked Benders Decomposition 
may provide upper and lower bounds on the global optimum. 

1. MTRODU(TnON 

Generalized Benders Decomposition has been 
suggested as a solution procedure for certain NLP 
and MINLP problems (Geoffrion, 1972). Its name is 
coined after the decomposition procedure first devel- 
oped by Benders for the solution of mixed-variable 
programming problems (Benders, 1962). However, 
some restrictions regarding the convexity and other 
properties of the functions involved were identified. A 
recent paper (Floudas et al., 1989) reviews this tech- 
nique revealing its potential for application in chemi- 
cal process design. It also proposes a computational 
implementation that is claimed to potentially identify 
global optima in nonconvex NLP and MINLP prob- 
lems. This claim is sustained by solving different 
examples, though not proven mathematically. 

In this paper we point out the importance of 
two properties defined by Geoffrion (1972), namely 
Property (P) and L-Dual-Adequacy, for proper appli- 
cation of the technique. In Section 2, we review 
Generalized Benders Decomposition. In Section 3.5, 
we show that the implementation of Benders iter- 
ations when Property (P) is not satisfied, can identify 
as solutions, points that are not even local extrema. 
In Section 3.6 we show that not satisfying the require- 
ment of L-Dual-Adequacy can also lead to the 
identification of local minima or points that are not 
even extrema. Moreover, it is shown that when these 
properties are assumed to be satisfied (although they 
may not hold) and the starting points are local 
minima or maxima, then the algorithm termination 
criterion is reached at the first iteration. In Section 
3.7, the local character of the implementations illus- 
trated in Sections 3.2 and 3.6 is discussed. 

Although the implementation of Generalized Ben- 
ders Decomposition does not identify global extrema 

tTo whom all correspondence should be addressed. 

when these properties are not satisfied, a criterion to 
determine if the convergence point is a candidate for 
being a local extremum is provided in Section 3.8. 
Thus, with the help of this criterion we show that 
Generalized Benders Decomposition may be used 
even when Property (P) and/or L-Dual-Adequacy are 
violated, to identify local extrema. 

Finally, in Section 4, an implementation of the 
Generalized Benders Decomposition that satisfies 
these two crucial properties, is presented. Through 
examples and mathematical analysis it is shown that 
dual gaps may prevent this procedure from converg- 
ing to the global solution, and therefore only bounds 
on the global optimum may be obtained. 

2. GENERALIZED BENDERS DECOMPOSITION 

Consider the optimization problem: 

min F&Y), 
GY 

s.t. G(x, y)d 0, 

XEX, 

y E Y. (1) 

The following problem is equivalent to (1) and is 
called its projection on Y (Geoffi-ion, 1972): 

tin U(Y), 
Y 

s-t. 
F(x, y) 

G(x, v)CO 
(2) 

YE YnV, 

where V={y:G(x,y)~Oforsonrex~X). 
For problems where X is a convex set, and the 

functions F (x, y), G (x, y) are convex with respect to 
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the variable x, Geoffrion (1972) proposed a decompo- 
sition of (2) based on the following two problems: 

Primal problem : 

5; F(x, 91, 

at. G(x, J) < 0, 

X E X, 

where 9 is an arbitrary but fixed point in Y. 

Master problem : 

(3) 

s.t. m;~ {n=G(x, y)} < 0, VI, E A, (4) 

where n =(3, >O;Zili= 1) 

Remark 2.1 

Before any further analysis, it is appropriate to 
point out that the master problem is equivalent to the 
projection (2), only when X is a convex set, and the 
functions F(x, y ). G(x, y) are convex with respect to 
x. This is so because the dual (Luenberger, 1969; 
Rockafellar, 1972) of u(y), as defined in (2), was 
invoked in arriving at (4). Therefore, when X is not 
a convex set and/or convexity of the functions F (x, y) 
and G(x, y) in the variable x does not hold, a dual 
gap may exist between v(y) and its dual. In these 
cases, since by the weak duality theorem, the solution 
of o(y) is always greater than or equal to the solution 
of its dual, (Luenberger, p. 225) the master problem 
can only provide a lower bound on the optimum, i.e. 

{ 

min 
u(y)= xsx 

F(x, y) 

s-t. G&y) G’o 1 

Z ytt I$ {F tx, y ) + u =G (x. Y ,>I 

Remark 2.2 

The constraint of the master problem 
mm, E *{A =G(x, y)} d 0 serves the purpose of generat- 
ing solutions 9 that are in the set I’. For the convex 
case, this has been shown by Geoffrion (1972) in 
Theorem 2.2 which employs a corollary of Theorem 
5 (Geoffrion, 1971). If G(x, y) is not convex in x 
and/or X is not a convex set, the theorem is still valid, 
as discussed in the Appendix. 

2.1. Computationai implementation 

The master problem can bc rewritten as: 

min y0 
YOY 

s.t. L+(y, z+rm,” {F(x,y) + u=G(x,y)} ,cy,, 

all u 2 0, (5) 

L*(y, J)‘mi: (A.‘G(x,y)} G 0, 

Remark 2.3 

all ji E A. (6) 

Geoffrion (1972) suggests to solve a relaxed 
version of this problem in which all but a few 
constraints are ignored. Since constraints are con- 
tinuously added to the master, the optimal values 
of this problem form a monotone nondecreasing 
sequence. When F (x, y ) and G(x, y) are convex in x 
and certain conditions hold (Geoffrion, 1972, Theo- 
rem 2.5), the lowest solution of the primal and the 
global solution of the master [as defined by (5) and 
(6)] will approach one another and will thus provide 
the global optimum of the overall problem within a 
prespecified tolerance. As analyzed earlier (Remark 
2.1) when convexity in x does not hold, dual gaps 
may prevent these two values from approaching 
each other. Nevertheless the global solution of the 
relaxed master problem will still provide a valid 
lower bound on the global optimum of the overall 
problem. The resulting computational procedure is 
the following: 

Step 1. Let a point J in Yn V be known. Solve the 
primal problem and obtain the optimal solution 
x*, and the optimal multiplier vector u *. Put the 
counters Kf= 1, K’ = 0. Set U = F (x*, 7). select a 
tolerance E > 0 and put u(i) = u *. Finally, deter- 
mine the function L *(y UC’)). 
Step 2. Solve globally the current relaxed master 
problem: 

min y0 
Y0.Y 

s.t. L*(y, u’“l’) <yO k, = 1,. K’, 

L,t(y, Ackz2’) < 0 k, = 1 )... K’. 

Let (3, PO) be the globally optimal solution. The 
optimal value j$, is a Iower bound on the optimal 
value of the global problem. If U =Z j+, + E, termi- 
nate. 
Step 3. Solve globally the primal problem using 
7 =p. 
Step 3a. Primal is feusibie. If u(p) 4 y0 + L termi- 
nate. Otherwise, determine the optimal multiplier 
vector u*, increase Kf by one, set u@) = u*. 
Additionally, if v(p) < U, put U = v( 9). Finally, 
determine the function L*(y, u@)) and return to 
Step 2. 
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Step 3b. Primal is infeasible. Determine a set of 
values of 1* E A which satisfy 

y$ {I*=G(x, y)} > 0. 

Increase K’ by one, put LCm) = L* and determine 
the function L, (y, iCK’)). Return to Step 2. 

Remark 2.4 

When referring to “solutions” of nonconvex op- 
timization problems it is sometimes understood that 
these may be locally, rather than globally, optimal 
points. In the above computational procedure it is 
necessary that the master be solved globally. When 
problems are jointly convex in x and y. the master is 
convex (Geoffrion, 1972, Section 4.2) and globality is 
then achieved. Global solutions of the primal are also 
needed if convexity of X and/or convexity of F (x, y) 

and/or G(x,y) in x does not hold. 

2.2. Determination of 11* 

The determination of II* in Step 3b can be done by 
any Phase I algorithm. In particular Floudas et al. 
(1989) proposed to solve the following problem: 

s.t. G(x, 7) - al < 0, 

XEX, 

a E R, 

where 1 = (1, 1, . _ , I)=. 

(7) 

Since the primal problem is infeasible, we already 
know that the solution of this problem is positive. 
Once this problem is solved and a stationary point x * 
is obtained, the following necessary Kuhn-Tucker 
conditions are satisfied: 

l-CQ=O, 
I 

il*=V,G(x*,g)=O, 

Ar[Gi(x*, 7) - a] = 0, Vi, 

li 2 0, Vi. (8) 

From them we conclude that by solving this problem 
we satisfy the condition 1* E /i. Note that in this step 
it is not imperative to achieve globality. 

2.3. Explicit determination of L *(y, u*) and L* (y, ,I*) 

In most cases, the functions L* and L* are im- 
plicitly defined. One case in which these functions 
can be obtained in explicit form is when the global 
minimum over x can be obtained independently of y. 
i.e. when Property (P) is satisfied. Two examples in 
which this property is satisfied arise when the func- 
tions F(x, y) and G(x, y) are separable in x and y, 
and in the variable factor programmi ng case. 

Once Property (P) holds, evaluation of L *( y, u *), 
L * (y. u *) simply requires that the minima in (5) and 

(6) be global. This is the so called L-Duaf-Adequacy 
property, which upon satisfaction of Property (P) can 
be achieved only if a global search of the solutions of 
both 

yEi: {F(x, Y) + u *=G(x, y)} and yei; (2 *=G(x, y)} 

is conducted. 

Another case in which these functions can be 
obtained in explicit form is when Property (P’) 
(Geoffrion, 1972) is satisfied, i.e. when the globally 
optimal solution of the primal, x *, is also the solution 
of the minimization problems defined in (5 (for all 
y). This is guaranteed when F(x, y) and G(x, y) are 
convex and separable in x. 

If Property (P’) is simply assumed (Floudas et al., 
1989), then this implementation of Generalized Ben- 
ders Decomposition may only be used, without guar- 
antees, to identify candidates for local, but not global 
minima. 

The above discussion does not mean that Proper- 
ties (P) and/or (P’) must always hold. Other pro- 
cedures may exist in which the Master problem [as 
defined by (5) and (611 can be solved without using 
these requirements. 

3. NP-GENERALIZED BENDERS ALGORITHM 

Let us call the version of the Generalized Benders 
Algorithm in which Property (P’) is simply assumed, 
NP-Generalized Benders Algorithm (NP-GBA). 

Specifically, in the NP-GBA, x* are used as 
proposed “solutions” of the minimization problem 
involving the determination of L *(y, u*) or 
L * (y, A *). With this done, the master problem can bc 
rewritten as follows: 

min y0 
P0.Y 

s.t. F(x(*l), y) + u(‘~)=G(x’~~‘, y) < y,, k, = 1, . . . K’, 

d(k*)TG(~(‘2), y) < 0, k2=l,_..Ki, 

where ~(~1) and ~(~2) are the respective solutions of 
the primal and @I), Izck2) are the corresponding 
multipliers. 

3.1. The termination and convergence criteria 

As proposed by Geoffiion (1972), we say that the 
Generalized Benders Algorithm’s convergence cri- 
terion is: 

If the optimal value of the master problem ap- 
proaches from below the upper bound provided by 
the primal, within a convergence error L, theu the 
GBD algorithm stops with the upper bound repre- 
senting the optimal solution. 

Under this implementation of the Generalized Ben- 
ders Decomposition, the solutions of the master 
problem may exceed the values given by the primal 
problem. This happens because Property (P) and/or 
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L-Dual-Adequacy do not hold. Therefore a termin- 
ation criterion is added to account for these 
situations. The new termination criterion is the 
following: 

If the optimal value of the master problem, j&, 
exceeds the current upper bound then the algor- 
ithm stops with the upper bound representing the 
optimal solution (Floudas et al., 1989). 

When the termination criterion is not activated 
and the relaxed master sequence of the NP-GBA 
converges, then the master’s converged value is equal 
to the upper bound obtained from the primal’s 
solution. This is true even for nonconvex problems 
which may exhibit a gap between u(y) and its dual. 
Indeed, upon convergence of the relaxed master 
sequence, the Kuhn-Tucker conditions of the corre- 
sponding primal suggest that &)‘G(x(~~), y) = 0. In 
turn, this implies that one of the master’s constraints 
becomes y0 2 F (x(~‘), y). The termination criterion is 
not activated and thus y,, > P(x(~~), y) will render 
yo = F(x@‘), y). 

3.2, The use of NP-GBA when Property {P) does not 

hold 

We will present now an optimization problem that 
will serve to demonstrate the anomalies of the 
NP-GBA. 

Example 

Consider the following optimization problem: 

min F(z,, 22) =f(zl> - zz, 
21 a? 

Lt. z2-g(z,)G’o, 

zI +z,da, 

2, B 0.9, 

where a = 6403/150 and: 

f(z,)=42~-~~~+~z~-l182~-~~,, 

g(z1) = 12z:-;z,. 

The problem is nonconvex and has two local 
minima, one at (zl, z2) = (1, 10.666) and the 
other at (zl, z2) = (1.9, 3059/75), with corresponding 
values of the objective function (- 5.16666) and 
(-S.25495), respectively. It also has two local 
maxima, located at (z,, z2) = (1.5,25) with an objec- 
tive function value of -4.78125 and at (z, , zr) = 
(0.9,8.52) with an objective function value of 
- 5.11029. 

In the spirit of the approach suggested by Floudas 
et al. (1989), we introduce the new variable vector 
w = [w, wz w3 w41=, so that the problem is rewritten 
in the following form: 

mm F,(w,z,,Y)=M(wlY -q, 
w=.?.Y 

s.t. dY, z2, w> = z2 - 12w,y + $y < 0, 

r,(y, WI = WI - w2y = 0, 

r2(y. WI = w2 - w3Y = 0, 

r3(y. w) = w3 - w4Y = 0, 

r4(y, WI = w4 -Y = 0, 

s(Y,z,)=z~+Y --ad, 

y 30.9, 

(w,z2)eX= R5, 

yeY=R, 

where: 

M(w)=~w,--wWz+~w3- 18w,-$. 

In this alternative formulation this problem is 
nonconvex, but the introduction of additional vari- 
ables has made it bilinear. Therefore the choice of y 
as a complicating variable will render linear the 
NP-GBA’s primal and master problems. 

The primal problem becomes: 

minF,(w,z,,jj)=M(w)y-zr, 
w*?lJ’ 

s.t. q(Y. w, 22) c 0, 

rl (y, w) = 0, 

r2(7, w) = 0, 

r3 (7, WI = 0, 

r4(Y, WI = 0, 

s(l, z2) 8 0, 

(w, z2) E X = R’. 

Using NP-GBA, the master problem becomes: 

min y0 
Y0.Y 

s.t. M(w *)y -z: + u:q(y, z:, w*) 
‘I 

+ CuZr,(y. w*) +uts(y,z?) 
i-l 

& A*+B*y dye, 

L:q(y,rf,w*)+ $ ~~r,(y,w*)+l,*sty,z~) 
i- 1 

S A*+E*y SO, 

Y > 0.9, (YO,Y)E R2. 

All of the requirements of the Generalized Benders 
Decomposition procedure hold, i.e. F&y) and 
G(x, y) are convex in x, except that Property (P) is 
not satisfied. By solving this problem using NP-GBA 
we will demonstrate the following anomalies: 

-Convergence to a Local minimum. 
-Termination achieved when starting near or at a 

local maximum. 
--Convergence to nonextremum points. 
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3.3. Convergence to a local minimum 

First note that if the starting point is at the 
local minimum p = 1, then the optimal solution 
is (w:, w:, w:, wq*. 2:) = (1, 1, 1, 1, 10.6666) with 
an optimal value of - 5.1666. The optimal multi- 
pliers are (a:, u:, u:, u:, u:, UT) = (1, -4, 18.5, 
- 24.8333, 5.1666,O) and the NP-GBA’s master 
problem becomes: 

min yo. 
Y0.Y 

s.t. -5.1666 <y,, 

which has an optimal value of y. = - 5.1666. There- 
fore, the termination criterion is met. 

The procedure has identified an “optimum” at 
( y, x) = (1, 10.666). Starting at the other local optima 
with ~7 = 1.9 the terminating criterion is also immedi- 
ately met in the same way. 

If for example a point near the local minimum, 
jj = 1.1, is chosen as a starting point, the algorithm 
converges again to the same local minimum 
(1, 10.666). The primal problem is always feasible and 
relevant results for each iteration are shown in Table 1. 

Note that at the second iteration, the master 
provides a value which is already greater than the 
global optimum. 

3.4. Termination achieved when starting near or at a 
Iocal maximum 

At this point one may suggest that although the 
procedure will not identify global optima, it can be 
used as a good local optima finder. However, this 
statement should also be used with caution because 
the termination criterion can be met if the starting 
point is a local maximum. 

Indeed, starting at p = 1.5, which is a local maxi- 
mum of the problem, one obtains the following sol- 
ution of the primal problem (wr, w;, w:, w:, z2) = 
(5.0625,3.375,2.25, 1.5,25.) with an optimal value of 
-4.78125. The optimal multipliers are: (a,*, uz, u$, 
ur39 * urfi, u:) = (1, -6,24.75, -27.875,3.1875,0). 

The NP-GBA’s master problem becomes: 

min yo, 
Y0.Y 
s.t. -4.78125 <yo. 

which has an optimal value of y. = -4.78125. Thus, 
according to the termination criterion, the “opti- 
mum” has been identified. 

Additionally, if one analyzes the behavior of the 
NP-GBD at other starting points, the termination 
criterion may also be met. Take for example J = 1.49 
as a starting point. The flrst two iterations will provide 
a value for the master problem which is higher than 
the current updated upper bound, so that the termin- 
ation criterion is met. This is illustrated in Table 1. 

The termination criterion is activated at the second 
iteration, so that the NP-GBD will have identified 
(JJ, x) = (0.9, 8.52) as the “optimum”. 

3.5. Convergence to nonextremum points 

Let us also consider jj = 1.4 as a starting point and 
apply the NP-GBA. The algorithm will converge at 
the point (JJ, x) = (0.92484,9.0308), which is not a 
local extremum. Details of the iterations are shown in 
Table 1. 

At the first iteration, the master gives a solution 
with a value above the two local minima. It is therefore 
impossible to reach any of these minima as iterations 
progress, 

In view of this dissapointing result, words of 
caution must be raised for the use of the NP-GBA in 
cases where Property (P) does not hold. 

3.6. The use of NP-GBA when L-Dual-Adequacy is 
not satisfied 

We present now an alternative formulation of our 
example that satisfies Property (P). By solving the 
example without using an L-Dual-Adequacy algor- 
ithm, i.e. an algorithm that does not identify the global 
minimum in L*, we show that the same results as 
before are obtained. 

Rewrite the example in the following form: 

s.t. z2 - g(z,) < 0, 

z2 + z1 < a, 

y - 21 = 0, 

y. z1 2 0.9, 

z, , z, E X = R, 

ycY=R 

1 2: 
1.1 13.0533 
0.9 a.5200 
0.98669 10.3672 
1.03786 11.5421 
1.01134 10.9253 
0.99882 10.6399 

Table 1. Results of the NP-GBA 

F.: A* Bf 3 YO 
- 5.12354 
-5.11029 
-5.16576 
-5.15986 
-5.16603 
-5.16665 

- 5.9947 0.7920 
-4.0411 -1.1880 
-s.o310 -0.1366 
-5.5225 0.3495 
-5.2781 0.1108 

1.49 24.6S45 -4.78162 
0.9 8.5200 -5.11029 

-5.1548 -0.0118 

-4.8926 0.0745 
-4.0411 -1.1880 

0.9 
0.98669 
1.03786 
1.01134 
0.99882 
1.00503 

0.9 
0.9 

1.4 21.6533 -4.81637 -5.75717 0.672OO 0.9 
0.9 8.5200 - 5. I 1029 -4.04109 -1.18800 0.92263 
0.92263 8.9847 -5.13374 -4.31433 -0.88813 0.92482 
0.92482 9.0304 --5.13566 -4.34036 -0.85995 0.92484 
0.92484 9.0308 -5.13568 -4.34060 -0.85%9 0.92484 

-5.28194 
-5.21328 
-5.17275 
-5.16913 
-5.16742 
-5.16673 

-4.82556 
-4.82556 

-5.15237 
-5.13716 
-5.13569 
-5.13568 
-5.13568 
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and use y as complicating variable. The master 
problem is now: 

miny,, 
Y0.Y 

s.t. mizx {F(r, 3 z2) + d%z - g(a 11 

+ uQ”(Z, + z, - a) - upzl > 

-A$k2’z,} + A$k2)y < 0, Vk,, 

y 2 0.9. 

hroperty (P) is now satisfied. Since f(zl) is non- 
convex, there is more than one candidate to satisfy 
Property (P’). Using NP-GBA the same results are 
obtained as before, i.e. starting at a local extremum 
(minimum or maximum) the termination criterion is 
immediately met, and starting at some neighborhood 
of a local minimum, the local minimum is reached. 
Finally, there are regions where starting points will 
lead to results that are not extrema. The numerical 
results iteration-by-iteration are identical to those 
shown in Table 1. 

3.7. The local character of NP-GBA 

To explain the above results, it is appropriate 
to reiterate the conceptual nature of Generalized 
Benders iterations, namely that the master problem is 
being replaced by a sequence of relaxed problems, 
where constraints are being added for each new value 
of the Lagrange multiplier u. To do this search for 
Lagrange multipliers in a systematic way, the primal 
problem is solved. Therefore, the primal problem, 
even if solved globally, can only provide upper- 
bounds of the solution and be used as a source for 
new constraints. The success of the global search 
proposed by the GBD critically depends on the 
globality of the solutions of the master problem, 
which in turn, aside from the satisfaction of Property 
(P), also relies on two conditions: 

(4 the min in the definitions of L * and L+ 
ssx 

(b) 
should be global; 
the solution of the master itself should be 
global. 

If (a) is not satisfied, as happens in the NP-GBA 
where Property (P’) is simple assumed, even global 
solutions of the relaxed master are not guaranteed to 
be lower bounds of the global optimum [except of 
course, when Property (P) holds and X is convex, as 
well as F(x, y) and G(x, y) are convex in x]. There- 
fore, if Property (P’) does not hold, the NP-GBA is 
not guaranteed to provide global results. Similarly, if 
(b) is not satisfied, then again the relaxed master does 
not provide lower bounds of the global optimum. 

Finally, the convergence to nonextremum points is 
explained by the fact that Property (P’) is not even 
locally satisfied for the starting point. Indeed, in the 
example we have: 

mjE”XW*) - =2+ ~:)l[z2 -g(zl)l 

+(z*+Z,-u)-~U:Z*}#f(Z:)-zr:+u: 

+u:[Z:-g(Z:)]+U:(Z:+Z:--a) 

-u:z:. 

As a result, constraints are added to the relaxed 
master problem which define a feasible region that 
does not contain. any local minimum, and thus the 
algorithm converges to a boundary point of this 
region, which is not, of course, a local minimum 
of (1). 

3.8. A criterion for identzyying iocal optima 

The aforementioned examples suggest that when 
attempting to solve nonconvex problems using NP- 
GBA one may generate solutions that are not even 
local extrema. Since it is desirab1.e to use the NP-GBA 
as a local extrema finder we need a criterion to 
determine whether the converged values are local 
extrema or not. 

Consider the following: 

FACT: 
If the NP-GBA is used and the values of the primal 
and master problems coincide in the first iteration, 
then the Kuhn-Tucker necessary conditions of 
problem (1) are satisfied. 
Proof-Let jj be the fixed point for which the 
primal is solved in the first iteration. The Kuhn- 
Tucker conditions of the resulting primal are: 

V,F(x*, 7) + u*=V,G(x*, p) = 0 

u:G,(x*,jj) =O, 

24*>0, (9) 

where (x *, u*) are all pairs at which the primal’s 
solution is assumed. Since the solutions of the 
master and primal are identical in the first iter- 
ation, it also holds that: 

j% = F(x*,y’), 

P=Y, 
where (j, j&o) is the solution of the master. One of 
the Kuhn-Tucker conditions for the master is then: 

V,F(x*, j) + u*=V,,G(x*, 9) = 0. (10) 

But (9-10) constitute the Kuhn-Tucker conditions 
for problem (1). O.E.A. 

The above fact suggests the following: 

. CRITERION FOR THE IDENTIFICATION 
OF LOCAL EXTREMA FOR THE NP- 
GBA-A given point may be a local extremum 
of problem (1) only if NP-GBA terminates in 
one iteration. 
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In view of this criterion the following step should be 
added to the NP-GBA: 

l Additional Step in NP-GBA&ce convergence 
is achieved, reset all constraint counters Kf and 
K’ to zero and start the algorithm again using 
the converged point as a starting point. If 
termination is immediately achieved, a candi- 
date for a local extremum has been identified. 

Remark 3.1 

The NP-GBA will not converge to a local maxi- 
mum, unless the starting point itself is a maximum. 
The reason for this is that near a local maximum, but 
not at it, the master problem will identify new points 
that are in the descent direction, rather than in the 
ascent one. Take for example the behavior of the 
NP-GBA when starting at point p = 1.49, which is 
close to a local maximum. It converges immediately 
to the other local maximum, going in the descent 
direction. If NP-GBA is applied again, at a perturbed 
value near y = 0.9 a different solution with lower 
objective function is obtained. This suggests that the 
points identified as candidates of an extretnum can be 
subject to an additional test, which include the appli- 
cation of NP-GBA with a starting point in a small 
neighborhood of the converged point. A convergence 
to the same point would indicate that the point in 
question is a candidate to be a local minimum. If 
convergence to a different point occurs, the original 
starting point is a local maximum. 

4. THE PL-GENERALIZED BENDERB ALGORITHM 

In this section we present a general algorithm, that 
satisfies all the required properties of the GBD, i.e. it 
satisfies Property (P) and is L-Dual-Adequate. We 
call it PL-Generalized Benders Algorithm (PL-GBA). 
We show that if implemented successfully, i.e. if the 
different optimization subproblems can be globally 
solved (which may not always be possible) and upon 
convergence, it will either provide the global opti- 
mum, or upper and lower bounds of the global 
optimum [if a gap exists between u(y) and its dual]. 
We also show how a recursive application of this 
procedure, i.e. the use of converged points as new 
starting points, may be used to conduct a systematic 
search in the direction of the optimum. 

Let us rewrite the original problem (1) by introduc- 
ing a variable y, in the following way: 

s.t. G(x,Y,)GO, 

Y -Y1=O, 
x E x, 
YY Yl E y. (11) 

If y is selected as the complicating variable, the primal 
problem is: 

tin F(x, Y, 1. 
XYl 

s-t. ‘3x, Y, 1 G 0, 

9 -Y, =o, 
XEX, 

YlE y. (12) 
Property (P) is satisfied and the relaxed problem is: 

s.t. ~~~xC~(x,~~)+~~k’)TG(n,~l)-~Q,)T~~} 

+u$“‘=y <y,, k, = 1,. . . K’-, (13) 

(14) 

+ll$kz)Ty<O, k2=l,...Ki 

y E Y. 

Define problems R and S as follows: 

Problem R: 

min R, 
x9, ,R 

s.t. R = {F(x, y,) + uQI)~G(x, yl) - u$‘I)~~,} 

x E x, 

YIE y. 

Problem S: 

min S, 
XY, .s 

s.t. S = {n$‘2’TG(~, y,) - 2ik2” y,}, 

XEX, 

Y1 l y. (15) 

When the primal problem is feasible, one solves 
problem R, whereas if the primal problem is infeas- 
ible one solves problem S, updating the correspond- 
ing counter (KJ or K?. Let us call the solutions of 
these problems (fCkE), J?$“)) and ($-‘*z), _@)), respect- 
ively and denote the optimum values by H(kl) and 
S(‘z), respectively. Therefore we write the master 
problem as follows: 

s.t. &(*I) + up~‘~y <y,, k, = 1, . . . K’, 

s’(*z) + np’y < 0, k,=l,...K’. (16) 

If problem (11) does not have a gap between v(y) 
and its dual, then the PL-GBD algorithm will have 
a-convergence properties. However, if a dual gap is 
present, the algorithm may provide consecutive re- 
laxed master’s solutions that converge to a solution 
that is lower than the lowest upper bound provided 
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by the primal. In this implementation of the 
GBD, the master’s solution will always stay below 
the global optimum and the primal’s solutions 
will always stay above. Therefore for termination 
criterion given above (Section 3, Floudas et al., 1989) 
is not needed. The convergence criterion should, 
however, be modified as follows: 

-Let $,,(i - 1) be the value of the relaxed master 
in the (i - 1)th iteration. If U Q j&(i) + E, or if 
go(i) < j&(i - 1) + E, terminate. 

1 FWY?) Y YO 

1.100 -5.123 0.900 -6.219 
0.900 -5.110 1.460 - 5.755 
1.460 -4.787 1.268 -5.548 
I.268 -4.943 1.268 - 5.548 

-- 
1.400 -4.8163 0.900 - 6.0830 
0.900 -5.1103 1.423 -5.7316 
I .423 -4.8024 1.375 - 5.6745 
1.375 -4.8349 1.375 - 5.6745 

1.9 - 5.2549 0.900 -49.1536 
a.9 -5.1103 1.87686 - 6.2708 
1.87686 -4.2214 I .87686 - 6.2708 

The above procedure not only satisfies Property 
(P) but is also L-Dual-Adequate as long as problems 
R and S are solved for their global solutions. Under 
these conditions the master (which is a linear pro- 
gramming problem) provides always a valid lower 
bound of the global optimum (weak duality theo- 
rem). Numerical implementation of this procedure 
requires that the employed values of g(kl) and sckZ) 
represent global optima, something that is not always 
possible to guarantee. 

progress. A gap in the Benders iterations has been 
identified: the value of the objective function at the 
global optimum is in the interval (- 5.123, - 5.548). 
The identified value is (y, X) = (1.268, 17.614), which 
is not an extremum of the problem. 

Remark 4.2 

Problem R does not show unbounded minima for 
this example. This is not always true. 

Remark 4.1 Remark 4.3 

It may seem that problems R and S are as hard to 
solve as the original problem. This is not necessarily 
true. Consider the quadratic problem: 

Problem R has more than one local minimum. The 
unconstrained problem can be solved globally for this 
example. This, as said, is not always easily achieved. 

min XTQOY. 
XY 

s.t. x=Q,Y G 0, 

x E x, 
Y E Y, 

with X and Y being closed bounded sets defined by 
linear constraints and Qo, Q1 indefinite matrices. 

If y is considered as the complicating variable and 
the PL algorithm is implemented, problem R is an 
indefinite quadratic minimization problem subject to 
linear constraints, whereas the original problem is a 
quadratic problem with quadratic constraints. While 
the latter is difficult to solve globally there are 
algorithms in the literature for the former (Bitter, 
1966). 

4.1. Obtaining dual-gaps in nonconvex problems 

As explained above, when a gap is present between 
ZJ ( y) and its dual, the solutions of the primal and the 
master do not approach one another. Thus, at the 
conclusion of the Benders iterations, the former is 
greater than the latter. 

Applied to our example with starting point 9 = 1.1 

Table 2. Results of the PL-GBA 

We show next the results obtained when the starting 
point is p = 1.4. The iterations are shown in Table 2. 

A gap in the Benders iterations has been identified 
again. The global solution has an objective function 
value in the interval (- 5.1103, - 5.6745). The ident- 
ified point of convergence is (y, x) = (1.375,20.851) 
which is the point at which the supporting hyperplane 
of the dual of ~(1.375) touches the feasible region. 
Similar results, showing the presence of this gap are 
obtained for other starting points. Even when the 
starting point is the global optimum, jj = 1.9, a gap 
is identified and y = 1.87686 is obtained as the sol- 
ution. Details of these iterations, shown in Table 2, 
suggest that the size of this gap depends on the 
starting point. 

4.2. Recursive application of PL-GBA 

Let y+ be the value obtained when PL-GBA has 
concluded. Suppose that the PL-GBA is applied 
again using y + as starting point. This was done for 
our example using a value of E = 1 x lo-‘, and 
the results are shown in Table 3. The number of 
iterations required for each step are indicated in the 
last column. 

the procedure provides the results given in Table 2. 
Since x* c a - y for all the iterations we obtain Table 3. Results of the recursive application of the PL-GBA 

u: = 1 and UT = 0 in all cases. Therefore the variable P u Y+ Yt 1ter 

x cancels out formally in the expression of R, and _? 1.400 -5.1103 1.375 - 5.6745 4 
need not be calculated. 1.375 --5.1103 I .253 - 5.5305 4 

- In the last iteration, the master repeats its previous 1.253 -5.1103 1.861 5.5261 4 
1.861 - 5.2444 1.892 -6.5252 15 

value. Therefore, unless new criteria are added I .892 - 5.2452 1.893 -6.5220 
to select new values of u*, the iterations cannot 1.893 - 5.2452 1.893 -6.5219 t: 
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Several other starting points were used for this independently of y [Property (P)]. In this case 
recursive application of the PL-GBA and the same one can construct the Benders iterations by 
result was always obtained. The algorithm converges selecting x to be the solution of the primal and 
to Y = 1.893 with a global optimum in the interval u (or A) the corresponding Lagrange multiplier. 
(-6.5219, -5.2452). Note however, that in the -When the Benders iterations are built based on 
case of Y = 1.4 used as a starting point better the primal solution, i.e. assuming that the sol- 
lower bounds are obtained for other converged values ution of the minimization problem (5) or (6) is 
YC. If we take the best value obtained, the global equal to the solution of the primal x*, [irrespec- 
optimum can be identified to be in the interval tive of the satisfaction of Property (P)], the 
(-5.5261, -5.2452). Depending on the starting NP-GBD algorithm is obtained. When x* is 
point different bounding intervals can be identified indeed the solution of the minimization prob- 
using this procedure. lem, it is said that Property (P’) holds. 

4.3. Analysis of the results 

One important remark is that the PL-GBA requires 
the global solution problems R and S. Thus, the 
PL-GBA cannot always be implemented. If, however, 
the PL-GBA is implemented successfully, it is capable 
of identifying bounds on the global optima for non- 
convex problems with dual gaps. It is apparent that 
the use of PL-GBA in the recursive form shown 
above can complement the results of the NP-GBA, 
which is a local solver. The solutions of the former 
may be good starting points of NP-GBA, for the 
identification of global optima. 

-When the Benders iterations are built through 
the introduction of additional constraints as in 
(1 l), and through global solutions of (5) and 
(6) (problems R and S), then the PL-GBD is 
obtained. 

6. CONCLUSIONS 

5. SUMMARY 

The conceptual steps undertaken in establishing 
the various implementations of GBD are summarized 
as follows: 

-Convexity of X and of F(x, y) and G(x, y) in x, 
implies that (1) is equivalent to (4). When these 
conditions do not apply a gap between u(y) and 
its dual may exist (Remark 2.1). 

This review of the Generalized Benders Decompo- 
sition (GBD) reveals that some of its implemen- 
tations (NP-GBD) may only identify local optima, or 
points that are not even extrema, suggesting that the 
procedure should be used with caution, especially 
when global optimality is being sought. More specifi- 
cally, it is demonstrated that the implementation of 
the procedure guarantees globality when certain 
properties are satisfied (primal convexity, global sol- 
ution of the master, Property (P) and L-Dual-Ade- 
quacy). For the cases in which the GBD is 
implemented without satisfying Property (P) and/or 
L-Dual-Adequacy, a criterion for determining if the 
converged value is a local extremum, is provided. 

-Problem (4) is replaced by a sequence of relaxed 
master problems (Remark 2.3). 

--Convexity of X and of F(x, y) and G(x, Y) in x 
(as well as satisfaction of certain other con- 
ditions) guarantees e-convergence of the GBD 
iterations (Geoffrion, 1972, Theorem 2.5). It is 
implicitly understood, that for these results to 
hold, both the primal and the relaxed master 
problem must be solved globally. 

An alternative approach for nonconvex problems 
is also presented (PL-GBD). The algorithm satisfies 
Property (P) and is L-Dual-Adequate, but is not 
always implementable. It has also been shown that 
the presence of gaps between the projection v(y) and 
its dual, may prevent this implementation of the 
GBD from converging to the global solution, provid- 
ing instead only bounds on the global optimum. 

-Global solution of the primal stems readily from 
convexity of X and of F (x, y) and G(x, y) in X. 
Global solution of the relaxed master may come 
either through the use of special algorithms or 
by the establishment of convexity of L *(y, u) 

and L * (y. A) in Y. One case for which convexity 
of these functions can be established is when 
F(x, y) and G(x, Y) are jointly convex in x and 
y (Geoffrion, 1972, Section 4.2). 
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APPENDIX 

The purpose of this Appendix is to rederive Theorem 2.2 of 
Geoffrion (1972), under the conditions that G(x, y) is not 
convex with respect to x and/or X is not a convex set. 

Theorem 

Let W(y) be defined by W(y) = {(w,, wz): w, = G(x, y). 
w2 - F(x, y); x E X}. Assume X is a nonempty convex 
set. Assume further that the set r,, = {y E R”: G(x, y) < y 
for some x E X} is closed for each fixed y E Y. Then, a 
point jj E Y. Then, a point y E Y is aIso in the set V if and 
only if 9 satisfies: 

min rl*G(x, y) < 0, Vl E A. (Al) 
XEX 

Proof-Let y E Y. Verification of (Al) is straightforward. 
En~rsc is proven as follows. Suppose p satisfies (Al). 

max min [ATG(x, p)] Q 0. C-W I.n xsx 

By resealing ,I appropriately one obtains: 

max min [ATG(x, p)} < 0. 
1>0 XEX (A3) 

However, (A3) is the dual of the following problem: 

min 0=x, 
JT.zx 

s.t. G(x,y) < 0. (A4) 

Suppose that the region W(y) satisfies the inequality 
w, E a > 0. Then, w, = Q is a supporting hypcrplane, which 
intercepts the axis w, = 0 at infinity. Therefore the dual 
problem would have + 00 as a solution. Since the dual has 
a finite optimum, and r,, is closed, we conclude that o 4 0. 
Therefore there exists at least one point for which the primal 
problem is feasible. 




